Abstract. For certain classes of Prüfer domains A, we study the completion A ,T of A with respect to the supremum topology T = sup{Tw|w ∈ Ω}, where Ω is the family of nontrivial valuations on the quotient field which are nonnegative on A and Tw is a topology induced by a valuation w ∈ Ω. It is shown that the concepts 'SFT Prüfer domain' and 'generalized Dedekind domain' are the same. We show that if E is the ring of entire functions, thenÊ ,T is a Bezout ring which is not aT -Prüfer ring, and if A is an SFT Prüfer domain, then A ,T is a Prüfer ring under a certain condition. We also show that under the same conditions as above,Â ,T is aT -Prüfer ring if and only if the number of independent valuation overrings of A is finite. In particular, if A is a Dedekind domain (resp., h-local Prüfer domain), thenÂ ,T is aT -Prüfer ring if and only if A has only finitely many prime ideals (resp., maximal ideals). These provide an answer to Mockor's question.
Introduction
Let A be an integral domain with quotient field K and let Ω be the family of nontrivial valuations on K which are nonnegative on A. A valuation w ∈ Ω with the value group G w induces a topology T w on K with the sets U w,α = {x ∈ K|w(x) > α}, α ∈ G + w = {β ∈ G w |β ≥ 0}, as a base of zero neighbourhoods in K. It is well known that the completionK ,Tw of K with respect to the topology T w is a field and the extensionŵ of w onK ,Tw is a valuation onK ,Tw [?] . Let R w be the valuation ring of w, i.e., R w = {x ∈ K|w(x) ≥ 0} and let R w ,Tw denote the completion of R w with respect to the subspace topology induced by T w . Bourbaki also showed that R w ,Tw = Rŵ, the valuation ring ofŵ, and G w = Gŵ, the value group ofŵ. In this paper we consider a more general situation. Let T = sup{T w |w ∈ Ω}, i.e., T is the topology with the set {U w,α |w ∈ Ω, α ∈ G + w } as a subbase of zero neighbourhoods in K. LetĀ ,T be the closure of A inK ,T , the completion of K with respect to the T -topology. In view of [?, II.3.4 
, Proposition 8],Ā
,T =Â ,T , which is the completion of A with respect to the subspace topology on A. In [Mo] , Mockor studied the ringÂ ,T for a Prüfer domain A. He presented some sufficient conditions forÂ ,T to be a Prüfer ring, and equivalent conditions forÂ ,T to be â
T -Prüfer ring (see Section 8). However he left it an open question if there exists a Prüfer domain A such thatÂ
,T is not aT -Prüfer ring or such thatÂ ,T is a Prüfer ring but not aT -Prüfer ring.
The purpose of this paper is to construct examples to Mockor's question by studying certain classes of Prüfer domains such as h-local Prüfer domains, the ring of entire functions, and SFT Prüfer domains (Section 5, 6 and 7). In particular, in dealing with an SFT Prüfer domain, we will use the following results[?, Theorem 15 and Corollary 17] (although it is stated for finite-dimensional A, its proof is also valid for the infinite-dimensional case). If A is an SFT Prüfer domain and I a proper ideal of A, then the I-adic completionÂ ,I is an SFT Prüfer ring, and moreover if √ I is a prime ideal, thenÂ ,I is an SFT Prüfer domain and Spec(Â ,I ) = {(0)} ∪ {Q ,I |Q ∈ Spec(A) and Q ⊇ I}, whereQ ,I is the I-adic completion of Q. Section 2 : In the literature there are two important classes of Prüfer domains, one is the class of SFT Prüfer domains introduced by Arnold in 1972([?] ) and the other is the class of generalized Dedekind domains introduced by Popescu in 1984([?] ). Each of them has a good book that deals with it( [?, ?] ). We show that an integral domain is an SFT Prüfer domain if and only if it is a generalized Dedekind domain. We believe that this result will facilitate the research on SFT Prüfer domains or generalized Dedekind domains. So far only a few examples of SFT Prüfer domains have been given. Facchini's existence theorem([?, Theorem 5.3] ) for generalized Dedekind domains thus provides many examples of SFT Prüfer domains.
Section 3 : Let C be the set of all maximal chains of nonzero prime ideals of an integral domain A and let C α ∈ C. We introduce the C α -topology and the Ctopology, which is the supremum of the C α -topologies. We consider three kinds of topologies on an integral domain A, namely the T -topology, the ideal-adic topology, and the C-topology. We investigate the relation between these topologies on an SFT Prüfer domain. In a particular situation, one topology is more useful than the others in studying the completion of a Prüfer domain.
In section 4, we study the completions of a Prüfer domain A with respect to the T -topology and the C-topology and show thatÂ ,T ∼ = w∈Ω0Â ,Tw andÂ ,C ∼ = α∈ΛÂ ,Cα , where Ω 0 is a family of independent valuations that are positive on A and whose equivalence classes constitute the set of all equivalence classes of Ω, and {C α } α∈Λ is a representing family of the independent maximal chains in Spec(A) * . In section 5, we give a short survey on the completion of an h-local Prüfer domain.
In section 6, we show that the ring E of entire functions has the completionÊ ,T which is a Bezout ring but not aT -Prüfer ring. We show that for a Prüfer domain A,Â ,Cα ∼ = lim ← − P ∈CαÂ ,P . Section 7 : For C α ∈ C, we introduce the Jacobson radical J(C α ) of C α . It is shown thatÂ ,Cα is an SFT Prüfer domain for an SFT Prüfer domain A and a maximal chain C α with nonzero Jacobson radical. In this case, Spec(Â ,Cα ) = {(0)} ∪ { P 0 ,Cα |P 0 ∈ Spec(A) * and P 0 contains some P ∈ C α }. If in addition J(C α ) = {0} for all C α ∈ C, thenÂ ,T is a Prüfer ring. It is well-known that for a Noetherian domain A and a 1 , · · · , a n ∈ A,Â ,(a1,··· ,an) ∼ = A[[X 1 , · · · , X n ]]/(X 1 − a 1 , · · · , X n − a n ). We show that it also holds for an SFT Prüfer domain A. As a corollary we obtain that (X 1 − a 1 , · · · , X n − a n ) is a radical ideal of A[[X 1 , · · · , X n ]] and that (X 1 − a 1 , · · · , X n − a n ) is a prime ideal of A[[X 1 , · · · , X n ]] ⇔ (a 1 , · · · , a n ) is a prime ideal of A ⇔ A is analytically irreducible with respect to (a 1 , · · · , a n ). An interesting result is that for an SFT Prüfer domain A, a prime ideal P of A, and a 1 , · · · , a n ∈ A, we have A[[X 1 , · · · , X n ]] P +(X1,··· ,Xn) /(X 1 −a 1 , · · · , X n −a n ) ∼ = A P [[X 1 , · · · , X n ]]/(X 1 −a 1 , · · · , X n − a n ).
In section 8, constructing examples, we give answers to Mockor's question. Namely we show that (1) the completionÂ ,T of an h-local Prüfer domain is â T -Prüfer ring ⇔ |M ax(A)| < ∞, (2) the completionÊ ,T of the ring E of entire functions is not aT -Prüfer ring, (3) the completionD ,T of a Dedekind domain is aT -Prüfer ring ⇔ |Spec(D)| < ∞, and (4) the completionÂ ,T of an SFT Prüfer domain with J(C α ) = {0} for all maximal chains C α is aT -Prüfer ring ⇔ there exist only finitely many independent valuation overrings of A. In the cases (1), (3), and (4), every nonminimal prime ideal ofÂ ,T is of the formP ,T , where P is a nonzero prime ideal of A.
Throughout this paper A will be a Prüfer domain with quotient field K unless otherwise specified. For undefined terms and notation the reader is referred to [?, ?, ?] . We would like to mention that to make this paper self-contained and for the sake of easy reference, we will sometimes paraphrase known results.
SFT Prüfer domains and generalized Dedekind domains
Let A be a commutative ring with identity and I an ideal of A. The ideal I will be called an SFT-ideal (an ideal of strong finite type) provided there exist a finitely generated ideal J ⊆ I and a positive integer k such that a k ∈ J for each a ∈ I. If each ideal of A is an SFT-ideal, then we say that A is an SFT-ring. This concept was introduced by Arnold in 1972([?] [?, ?, ?, ?, ?, ?, ?, ?] .
Since in this paper we are primarily concerned with an SFT Prüfer domain, we list here some properties of an SFT-ring.
Proposition 2.1. [?, Proposition 2.2 and 2.5, Corollary 2.7] Let A be a commutative ring with identity.
(1) A is an SFT-ring if and only if each prime ideal is an SFT-ideal.
(2) An SFT-ring A has a Noetherian prime spectrum. In particular, each ideal of A has only finitely many minimal prime divisors. (3) If P is a nonzero SFT prime ideal of an integral domain, then P = P 2 .
An integral domain is called a valuation domain if for each nonzero element a and b, a divides b or b divides a. An integral domain A is called a Prüfer domain if for each maximal ideal M of A, A M is a valuation domain.
Proposition 2.2. [?, Proposition 3.1] In order for the Prüfer domain A to be an SFT-ring, it is necessary and sufficient that for each nonzero prime ideal P of A, there exists a finitely generated ideal I such that P 2 ⊆ I ⊆ P .
In 1984, 12 years after Arnold had invented the concept 'SFT Prüfer domain', N. Popescu [?] introduced the concept of a generalized Dedekind domain. He defines a generalized Dedekind domain to be a Prüfer domain A on which for every two distinct localizing systems F 1 and F 2 , A F1 = A F2 . Then he obtains the following result.
Proposition 2.3. [?, Theorem 2.5] Let A be a Prüfer domain. The following assertions are equivalent.
(1) A is a generalized Dedekind domain.
(2) If P is a nonzero prime ideal of A, then P = P 2 and P is the radical of a finitely generated ideal.
Apparentely these two concepts were not realized to be the same. We prove that they are in fact the same.
Theorem 2.4. The concepts 'SFT Prüfer domain' and 'generalized Dedekind domain' are the same.
Proof. It is clear that every SFT Prüfer domain is a generalized Dedekind domain (Propositions ??(3), ?? and ??). Conversely let A be a generalized Dedekind domain and P a nonzero prime ideal of A. Then P = P 2 and P = √ I for some finitely generated ideal I. Choose a ∈ P \ P 2 . Put J = (I, a). Then J is finitely generated, P = √ J and J ⊆ P 2 . Since for each maximal ideal M of A, A M is a valuation domain and P 2 is a P -primary ideal, P 2 A M ⊆ JA M ⊆ P A M . Thus P 2 ⊆ J ⊆ P locally and hence globally. Thus these two concepts are the same.
So we can use Fontana, Huckaba, Popescu, and Facchini's results on the generalized Dedekind domains in dealing with the SFT Prüfer domains. In particular, using the following existence theorem due to Facchini, we can obtain a lot of examples of SFT Prüfer domains with the prime spectrum satisfying suitable conditions which we want.
Recall that a tree is a partially ordered set (X, ≤) with the property that for every x ∈ X the set B x = {y ∈ X|y ≤ x} is a chain (i.e., a totally ordered set); it is Noetherian if every ascending chain x 1 ≤ x 2 ≤ · · · of elements of X is stationary. (1) X is a Noetherian tree with a least element.
(2) There exists a generalized Dedekind domain A whose prime spectrum (SpecA, ⊆) is order isomorphic to X.
Topologies
Let A be a Prüfer domain with quotient field K. There are several kinds of topologies which make A a topological ring. The I-adic topology, where I is a proper ideal of A, is the topology with the set {I n |n = 1, 2, · · · } as a base of zero neighbourhoods in A. The A-topology is the topology with the ideals aA, a ∈ A * (= A \ {0}), as a base of zero neighbourhoods in A. Let Ω(A) be the family of nontrivial valuations on K which are nonnegative on A. A valuation w ∈ Ω(A) with the value group G w induces the topology T w on K with the sets U w,α = {x ∈ K|w(x) > α}, α ∈ G + w = {β ∈ G w |β ≥ 0}, as a base of zero neighbourhoods in K. We can give A the subspace topology of K. We shall call this topology the T w -topology on A. We denote by P (w) the center of the valuation ring R w of w on A.
Lemma 3.1. Let w ∈ Ω(A) be a valuation with valuation ring R w . Then for each α ∈ G + w , there exists a ∈ A * such that α = w(a), and hence U w,α = aP (w)A P (w) .
Proof. Since A is a Prüfer domain, R w = A P (w) , and so this is clear. Now let T (A) = sup{T w |w ∈ Ω(A)}, i.e., T (A) is the topology on K with the set {U w,α |w ∈ Ω(A), α ∈ G + w } as a subbase of zero neighbourhoods in K. We shall call the subspace topology on A induced by this topology the T (A)-topology on A. If there is no ambiguity, we will use Ω and T instead of Ω(A) and T (A).
Let Spec(A) * denote the set of all nonzero prime ideals of A. Then (Spec(A) * , ⊆) is a partially ordered set. Let C α be a chain in Spec(A) * . We define the C α -topology to be the topology on A with the ideals P n , P ∈ C α , n = 1, 2, · · · , as a base of zero neighbourhoods in A. Now let C be the set of maximal chains of Spec(A) * . We define the C-topology to be the topology with the set {P n |P ∈ C α ∈ C, n = 1, 2, · · · } as a subbase of zero neighbourhoods in A.
We want to compare these topologies with each other.
Recall that an integral domain A is said to be h-local if every nonzero element of A is contained in only finitely many maximal ideals, and if every nonzero prime ideal of A is contained in only one maximal ideal. Using Lemma ??, we give an easy proof that the T -topology and the A-topology are the same in an h-local Prüfer domain A.
Lemma 3.2. [?, Lemma 13] Let A be an h-local Prüfer domain. Then the Ttopology on A is the same as the A-topology.
Let P be a prime ideal of A. We denote by htP the height of P , i.e., the supremum of the length of chains of prime ideals contained in P .
Lemma 3.3. Let A be a Prüfer domain such that no minimal prime ideal is idempotent if there is any. Then the T -topology on A is the same as the C-topology.
Assume that a i ∈ P (w i ). Then a i A P (wi) = Q i A P (wi) for some nonzero prime ideal Q i contained in P (w i ). If htQ i > 1, then choose a nonzero prime ideal Q i properly contained in Q i . Then by [?, Theorem (17. 
Let E be the ring of entire functions. It is well known that E is a Bezout domain, i.e., every finitely generated ideal of E is principal. Henriksen[?] has shown that if M is a maximal fixed ideal, then M is principal and htM = 1 and if M is a maximal free ideal, then htM = ∞. In fact, if P is an any prime free ideal of E, then htP = ∞. Thus since E satisfies the conditions in Lemma ??, the T -topology on E is the same as the C-topology.
Lemma 3.4. Let A be an SFT Prüfer domain. Then the T -topology on A, the A-topology, and the C-topology coincide.
Proof. Let w i ∈ Ω, α i ∈ G + wi . Then there exists a i ∈ A * such that U wi,αi = a i P (w i )A P (wi) . Thus U w1,α1 ∩ · · · ∩ U wn,αn ∩ A = a 1 P (w 1 )A P (w1) ∩ · · · ∩ a n P (w n )A P (wn) ∩ A ⊇ a 1 · · · a n A. Now let a ∈ A * . Since A is an SFT Prüfer domain, by Proposition ??(2), (a) has only finitely many minimal prime divisors, say, P 1 , · · · , P n . Thus we have (a) = P 1 ∩ · · · ∩ P n = P 1 · · · P n . By Proposition ??, there exists k ∈ N such that (a)
Thus these three topologies coincide.
Completions
Let X be a topological ring. X is said to be complete if every Cauchy filter converges. For details, see [?] .
Definition 4.1. A completion of X is a pair (X, f ), whereX is a Hausdorff complete topological ring and f : X →X is a continuous homomorphism satisfying the following conditions:
(a) Ker f = {0}, the closure of {0} in X, (b) The quotient topology of f (X) coincides with the topology induced byX,
It is well known that a completion exists and is unique in the following sense. Let (X, f ), (Ŷ , g) be two completions of X. Then there is a unique isomorphism ϕ :X →Ŷ which is also a homeomorphism such that ϕ • f = g [?] . Henceforth, we shall say thatX is the completion of X and f is the canonical mapping of X into its completion. Now we wish to consider the completions of a Prüfer domain A with respect to the topologies defined in section 3.
Recall that for v, w ∈ Ω, v and w (or R v and R w ) are said to be independent if there exists no nontrivial valuation overring containing both R v and R w . Otherwise, v and w are said to be dependent. We say that a subset Ω of Ω is independent if every two elements of Ω are independent. We have the following approximation theorem for independent valuations. To make this paper self-contained, we state and prove the following well-known result.
Proposition 4.2. [?, Proposition 24] Let A be a Prüfer domain. Let w 1 , w 2 , · · · , w n ∈ Ω be independent valuations with the value groups G w1 , G w2 , · · · , G wn , respectively. Given
Since w 1 , · · · , w n are independent, I 1 , · · · , I n are relatively prime. Suppose not. Then there exist i = j and a maximal ideal M of A such that
Prüfer domain, Q i and Q j are comparable. Assume that Q i ⊆ Q j . Then A Qi is a nontrivial valuation overring containing both A P (wi) and A P (wj ) , a contradiction. Applying the Chinese remainder theorem, we can find y ∈ A such that y − t i ∈ I i , i.e.,
Define an equivalence relation ∼ on the family Ω by v ∼ w if and only if v and w are dependent. Let Ω 0 be a family of representatives of the equivalence classes.
Lemma 4.3. T = sup{T w |w ∈ Ω} = sup{T w |w ∈ Ω 0 }.
Then by Lemma ??, there exists a ∈ A * such that U w,α = aP (w)A P (w) . Let v ∈ Ω 0 be the valuation that is dependent on w. Then there exists a nonzero prime ideal Q such that A Q is a valuation overring containing both A P (v) and A P (w) . So we have
Let w be a valuation on the field K. Then by Lemma ??, the T (R w )-topology on K is the same as the T w -topology on K. Bourbaki considered the completionK ,Tw of K with respect to the topology T w . Since we will often use results in Bourbaki, we include some of them here for easy reference.
Let G w be the value group of w. Define on the set G w = G w ∪ {∞} a topology by setting X(=the closure of X)=X ∪ {∞} for every nonempty subset X of G w , and Ø = Ø. Then clearly w : K → G w is continuous and hence it induces the continuous extensionŵ : 
, the completion of R w with respect to the T w -topology on R w .
Rw\{0} .
,Tw is the completion of Q with respect to the subspace topology induced by R w .
Proof. Let Q ∈ Spec(R w ) * . We give Q the subspace topology, and R w /Q the quotient topology induced by R w . Then since these are linear topologies, by [?,
Since R w is a valuation domain, by Lemma ?? and Lemma ??, Ttopology on R w =T w -topology on R w =R w -topology. Since Q = (0), Q is open in R w , and then R w /Q has the discrete topology, so that R w /Q ∼ = R w /Q. Thus we (2) and [?, Corollary (17.9) ], the conclusion
We denote by (A, T ), (A, T w ) the topological space A with the topologies T , T w , respectively. Let us denote byÂ ,T ,Â ,Tw the completions of (A, T ), (A, T w ), respectively.
Proof. SinceÂ ,Tw is a Hausdorff complete topological ring, by [?, II.3.5, Proposition 10], so is the product space w∈Ω0Â ,Tw . Let f w : (A, T w ) →Â ,Tw be the canonical mapping. Then by Lemma ??, the mapping f = w∈Ω0 f w : (A, T ) → 
,Tw for w = w i , and
,Tw is a completion of (A, T ), i.e., w∈Ω0Â ,Tw ∼ =Â ,T .
As we can see in the proof of Proposition ??, for a Prüfer domain A, v and w being dependent is equivalent to P (v) ∩ P (w) containing a nonzero prime ideal of A. We define an equivalence relation ∼ on the set Spec(A) * by P 1 ∼ P 2 if and only if P 1 ∩ P 2 contains a nonzero prime ideal of A. Let C be the set of maximal chains of Spec(A)
* . The relation ∼ on C defined by C α ∼ C β if and only if P 1 ∼ P 2 for some P 1 ∈ C α and P 2 ∈ C β is also an equivalence relation. In fact, C α ∼ C β if and only if P 1 ∼ P 2 for all P 1 ∈ C α and all P 2 ∈ C β . Let {C α } α∈Λ be the set of all equivalence classes of C. We denote by (A, C), (A, C α ) the topological space A with the topologies C, C α , respectively. Let us denote bŷ A ,C ,Â ,Cα the completions of (A, C), (A, C α ), respectively. Then a similar proof to that of Proposition ?? implies the following result.
Proposition 4.7.Â ,C ∼ = α∈ΛÂ ,Cα , where {C α } α∈Λ is a collection of representatives of the equivalence classes of C.
Proof. SinceÂ
,Cα is a Hausdorff complete topological ring, by [?, II.3.5, Proposition 10], so is the product space α∈ΛÂ ,Cα . Let f α : (A, C α ) →Â ,Cα be the canonical mapping. Then the mapping f = α∈Λ f α : (A, C) → α∈ΛÂ ,Cα defined by a → α∈Λ f α (a) is a continuous homomorphism. Clearly, Ker f = α∈Λ Ker f α = P ∈Cα,α∈Λ,n∈N P n = P ∈C,n∈N P n = {0}, the closure of {0} in (A, C). We claim that the quotient topology of f (A) coincides with the subspace topology induced by the product space α∈ΛÂ ,Cα . Let
there exists α i ∈ Λ such that P i ∼ P i for some P i ∈ C αi , i.e., P i ∩ P i contains a nonzero prime ideal of A. This implies that P i contains some 
Let w i be the valuation corresponding to A Pi . Then w 1 , · · · , w n are independent, and so by Proposition ?? and Lemma ??, there exists a ∈ A such that a
and soÂ ,C ∼ = α∈ΛÂ ,Cα .
Remark 4.8. For each w ∈ Ω 0 , let C w be a maximal chain in Spec(A) * containing P (w). Then {C w } w∈Ωo is the set of all equivalence classes of C. Therefore,Â ,C ∼ = w∈Ω0Â ,Cw .
Recall that a Prüfer ring (resp., Bezout ring) is a ring in which every finitely generated regular ideal is invertible (resp., principal). By [?, Theorem 6.2], R is a Prüfer ring if and only if (R [M ] , [M ] R [M ] ) is a valuation pair for each regular maximal ideal M of R.
Later it will turn out thatÂ ,Cα is a Prüfer domain, a valuation domain, or a Bezout domain in several important cases. This together with Proposition ?? and Proposition ?? naturally leads us to consider the direct product of Prüfer domains and Bezout domains. We show that the direct product of Prüfer domains (resp., Bezout domains) is a Prüfer ring (resp., Bezout ring).
Proposition 4.9. Let B = α B α . If B α is a Prüfer domain (resp., Bezout domain) for each α, then B is a Prüfer ring (resp., Bezout ring).
Proof. Note that the total quotient ring T (B) of B is isomorphic to the direct product of the quotient fields K α of B α . Let I = (a 1 , · · · , a n ) be a regular ideal of α B α . Write a 1 = α a 1,α , · · · , a n = α a n,α . Since I is regular, I contains a regular element. So we may assume that a 1 is regular. It follows that a 1,α = 0 for all α. For each α, consider the nonzero finitely generated ideal (a 1,α , · · · , a n,α ) of B α . Since B α is a Prüfer domain (resp., Bezout domain), it is invertible (resp., principal). Therefore, there exist x 1,α , · · · , x n,α ∈ K α such that n i=1 a i,α x i,α = 1 and a i,α x j,α ∈ B α for all i, j = 1, 2, · · · , n (resp., there exists a α ∈ B α such that (a 1,α , · · · , a n,α ) = (a α )). Let
a i x i = 1 and a i x j ∈ α B α for all i, j = 1, 2, · · · , n. Thus I is invertible (resp., I = (a), i.e., I is principal). Therefore, B is a Prüfer ring (resp., Bezout ring).
5.Â ,T , A an h-local Prüfer domain
Let A be an h-local Prüfer domain. Denote byÂ ,A the completion of A in the
Although it is already known thatÂ
and that the Ttopology on A is the same as the A-topology [?, ?] , for the sake of completeness, we present its proof.
Theorem 5.1. Let A be an h-local Prüfer domain. Then
(2)Â ,T is a Bezout ring.
Proof.
(1) As in Lemma ??, we can show that (A, T w ) is a subspace of A M0 with
In fact, it suffices to show that A is dense in A M0 . Given 
6.Ê
,T , E the ring of entire functions
Let A be a Prüfer domain and C α a maximal chain in Spec(A) * . Then the C α -topology is the linear topology defined by {P n |P ∈ C α , n ∈ N}. Therefore, by [?, page 55], the inverse limit lim ← − P ∈Cα,n∈N A/P n is the completion of (A, C α ). For each P ∈ C α , we denote byÂ ,P the P -adic completion of A, i.e.,Â ,P ∼ = lim ← − n∈N A/P n . We show that lim ← − P ∈Cα (lim ← − n∈N A/P n ) ∼ = lim ← − P ∈Cα,n∈N A/P n .
Lemma 6.1.Â ,Cα ∼ = lim ← − P ∈CαÂ ,P .
Proof. Since for each Q ⊆ P in C α , there exists a natural map from A/Q n to A/P n , n ∈ N, there exists a natural map f P Q :Â ,Q →Â ,P . Therefore, we can construct the inverse system (Â ,P , f P Q ). SinceÂ ,P is a Hausdorff complete topological ring, by [?, II.3.5, Corollary to Proposition 10], so is lim ← − P ∈CαÂ ,P . For each P ∈ C α , let f P : A →Â ,P be the natural map. Then f P is the canonical mapping of A into its P -adic completionÂ ,P and f P Q • f Q = f P whenever Q ⊆ P . Then the mapping f = P ∈Cα f P : (A, C α ) → lim ← − P ∈CαÂ ,P (⊆ P ∈CαÂ ,P ) defined by a → P ∈Cα f P (a) is a well-defined continuous homomorphism, Ker f = P ∈Cα Ker f P = P ∈Cα,n∈N P n = {0}, the closure of {0} in (A, C α ), and obviously the C α -topology on A is the inverse image under f of the topology of lim ← − P ∈CαÂ ,P . Let π P : lim ← − P ∈CαÂ ,P →Â ,P be the natural projection. Then
Lemma 6.2. Let P be a nonzero prime ideal of A.
n ∈ N, we obtain the natural embeddingsÂ
Consider the following commutative diagram :
Let C α be a maximal chain in Spec(A) * . Let M ax(C α ) denote the set {M ∈ M ax(A)|M contains some P ∈ C α } and J(C α ) = M ∈M ax(Cα) M . We call J(C α ) the Jacobson radical of C α .
Proof. If C α has minimal element P , then the C α -topology on A is the same as the P -adic topology and the C α,M -topology on A M is the same as the P A M -adic topology. Therefore in this case Lemma ?? is just Lemma ??. Assume that C α has no minimal element. Let M 1 , M 2 ∈ M ax(C α ). Then there exists P 0 ∈ C α such that P 0 ⊆ M 1 ∩ M 2 . Let w i (resp., v) be the valuation corresponding to A Mi (resp., A P0 ), i = 1, 2. Since A Mi is a valuation domain and
by Lemma ??. 
. Thus x ∈ P ∈CαÂ ,P . Let M be the maximal ideal contained in C α , i.e., {M } = C α ∩ M ax(C α ). Consider the following commutative diagram :
Theorem 6.4. Let E be the ring of entire functions and let C α be a maximal chain in Spec(E) * . Then
(1)Ê ,Cα ∼ = E Mα ,Tv α , where {M α } = M ax(C α ) and v α is the valuation corresponding to E Mα , and (2)Ê ,T is a Bezout ring.
(1)Ê ,Cα ∼ = lim ← − P ∈CαÊ ,P by Lemma ??. Since every nonzero prime ideal of E is contained in a unique maximal ideal[?, Theorem 6], M ax(C α ) has only one element M α so that by Lemma ?? and Lemma ??, lim ,Cα can be regarded as the completionB ,Cα of B with respect to the subspace topology induced by (A, C α ). Henceforth we will use similar notation for other topologies.
Although [?, Corollary 17] is stated for the finite-dimensional case, its proof is also valid for the infinite-dimensional case. Thus every nonzero prime ideal ofÂ ,P is of the formQ ,P for some prime ideal Q of A such that Q ⊇ P . This result is crucial in proving the next result. Proof. Let P 0 = N ∩ A. Since A is an SFT Prüfer domain, there exists a finitely generated ideal J of A such that P 2 0 ⊆ J ⊆ P 0 (Proposition ??). We claim that P 0 contains some P ∈ C α . Note that J(lim ← − P ∈CαÂ ,P ) ⊆ lim ← − P ∈Cα JÂ ,P for any ideal J of A, where JÂ ,P means f P (J)Â ,P , f P the canonical mapping of A into the P -adic completionÂ ,P . Since J is finitely generated, J is invertible. Let J −1 be its inverse. Choose a ∈ J \{0}. Then aJ −1 is an ideal of A. So a(lim ← − P ∈CαÂ ,P ) =
= a(lim ← − P ∈CαÂ ,P ) (For the last equality, note the following. Since a = 0, a ∈ n∈N P n for some P ∈ C α and hence a is regular inÂ ,P . In fact, a is regular in everyÂ ,P0 such that P 0 ∈ C α and P 0 ⊆ P .). Thus aJ −1 J(lim ← − P ∈CαÂ ,P ) = aJ −1 (lim ← − P ∈Cα JÂ ,P ). Multiplying both sides by a −1 J, we get J(lim ← − P ∈CαÂ ,P ) =
for all P ∈ C α , which implies that J(lim ← − P ∈CαÂ ,P ) = lim ← − P ∈CαÂ ,P . Now N ⊇ P 0 (lim ← − P ∈CαÂ ,P ) ⊇ J(lim ← − P ∈CαÂ ,P ) = lim ← − P ∈CαÂ ,P , a contradiction. Therefore, J ⊆ M for some M ∈ M ax(C α ), i.e., P 0 ⊆ M . So P 0 and P are comparable for some P ∈ C α . If P 0 ⊆ P , then since C α is a maximal chain in Spec(A) * , P 0 ∈ C α . Thus P ⊆ P 0 for some P ∈ C α .
Let v be the valuation corresponding to A P0 . Then since P 0 contains some P in C α , the C α -topology is the same as the C v -topology (see Remark ??). As in Lemma ??, we can show that the C v -topology is the same as the T v -topology on A. 
|Q is a prime ideal of A contained in P 0 },
,Tv for some Q ⊆ P 0 . We claim that Q = P 0 . Let P be an arbitrary nonzero prime ideal of A contained in P 0 . Since A is an SFT Prüfer domain, there exists a finitely generated ideal I of A such that P 2 ⊆ I ⊆ P . So the P -adic topology coincides with the I-adic topology. Since I ⊆ √ J = P 0 , there exists l ≥ 1 such that I l ⊆ J. (= I l ,P
), JÂ ,P is closed inÂ ,P , i.e., JÂ ,P =Ĵ ,P . Therefore, JÂ ,Cα = J(lim ← − P ∈CαÂ ,P ) ∼ = J(lim ← − P ∈Cα,P ⊆P0Â ,P ) = lim ← − P ∈Cα,P ⊆P0 JÂ ,P = lim ← − P ∈Cα,P ⊆P0Ĵ ,P ∼ =Ĵ ,Cα . Since 
, and hence P n A P0
,Tv
, from which it follows . Now let R =Â ,Cα N . Since for each nonzero prime ideal P contained in P 0 , P n A P0 ,Tv
R|(0) = P ⊆ P 0 , n ∈ N} is a base of zero neighbourhoods in R. We claim that R is a valuation domain. It suffices to show that aR ∩ R = aR for all a ∈ R * sincê R is a valuation domain. The case when a is a unit being trivial, we may assume that a is a nonunit, i.e., a ∈ N R. SinceR is a Hausdorff complete space,
,Tv = (0). SinceR is a valuation domain, there exist a nonzero prime ideal P contained in P 0 and n ∈ N such that P n A P0 ,Tv
Since A is an SFT Prüfer domain, there exists a finitely generated ideal I of A such that P 2 ⊆ I ⊆ P . So
IR is a finitely generated ideal of R, IR ⊆ J(R) = N R/aR and IR n = IR n+1 . By Nakayama's lemma, IR n = {0}, i.e., I n R ⊆ aR. Thus aR ∩ R ⊆ aR + P 2n
,Cα R ⊆ aR + I n R = aR and hence aR ∩ R = aR.
Corollary 7.2. Let N be a prime ideal ofÂ ,Cα such that N ∩ A = (0). Then the following statements hold.
(1) N = P 0 ,Cα , where P 0 = N ∩ A, and P 0 contains some P ∈ C α . for some P ∈ Spec(A) * such that P ⊆ P 0 . Since A is an SFT Prüfer domain, there exists a finitely generated ideal J such that P 2 ⊆ J ⊆ P . In the proof of Lemma ??, we have shown that is a radical of a finitely generated ideal and it is not idempotent, the conclusion follows from Proposition ?? and Theorem ??.
Since in an h-local Prüfer domain and the ring of entire functions, the condition J(C α ) = {0} is obviously satisfied, we are naturally led to consider the SFT Prüfer domain A with the condition J(C α ) = {0} for all maximal chains in Spec(A) * .
Lemma 7.3. J(C α ) = {0} if and only if there exists a prime ideal P 0 ∈ C α such that P 0 ⊆ J(C α ).
is a nonzero radical ideal of A. Since A is an SFT Prüfer domain, by Proposition ??(2), J(C α ) has only finitely many minimal prime divisors, say P 1 , P 2 , · · · , P n . By rearranging, we may assume that there exists k(1 ≤ k ≤ n) such that for i ≤ k,
A\{0} . Proof. By Lemma ??, there exists a prime ideal P 0 ∈ C α such that P 0 ⊆ J(C α ).
Recall thatÂ
Choose a ∈ P 0 \{0}. Then for each prime ideal P ∈ C α contained in P 0 and for each
From this and Lemma ??, we have a A P0 , ,Tv
A\{0} . Theorem 7.5. Let A be an SFT Prüfer domain such that J(C α ) = {0} for all maximal chains C α ∈ Spec(A) * . Then (1) and (2), it follows thatÂ ,Cα is a Prüfer domain. Now let N be a nonzero prime ideal ofÂ ,Cα . Then N = P 0 ,Cα
Since A is an SFT Prüfer domain, there exists a finitely generated ideal J such that P (4) By Lemma ?? and Proposition ??,Â ,T =Â ,C ∼ = α∈ΛÂ ,Cα . Since eacĥ A ,Cα is a Prüfer domain, by Proposition ??,Â ,T is a Prüfer ring. Now for the second claim, consider the ideal α∈ΛÂ ,Cα of α∈ΛÂ ,Cα , where Λ is the index set for a representing family of the independent maximal chains in Spec(A) * , i.e., {C α } α∈Λ is a collection of representatives of the equivalence classes of C. Note that by Remark ??, |Λ| = |Ω 0 |. For each element x ∈ α∈ΛÂ ,Cα , write x = α∈Λ x α . If α∈ΛÂ ,Cα is an SFT-ideal, then there exist a finitely generated ideal
,Cα is an integral domain, this implies that x α = 0 for all
,Cα is an SFT-ring, we must have |Λ| < ∞.
Since by (3),Â ,Cα i is an SFT Prüfer domain and every prime ideal ofÂ ,T is of the formÂ
T is an SFT-ring by Proposition ??(1).
For an integral domain A and a prime ideal
− a n ) for all a 1 , · · · , a n ∈ A provided that A is an SFT Prüfer domain. First we show that for an SFT Prüfer domain A and a 1 , · · · , a n ∈ A,
, which is well-known in the case when A is a Noetherian domain. Theorem 7.6. Let A be an SFT Prüfer domain and a 1 , · · · , a n ∈ A. Then the (a 1 , · · · , a n )-adic completionÂ ,(a1,··· ,an) of A is isomorphic to the ring
Proof. Since by [?, Theorem 17.5 
We will use induction on n. The case n = 1 is clear by [?, Proposition 3.4] . Suppose
, · · · , X n − a n ). Therefore, by induction hypothesis, the conclusion follows. If a 1 is a unit in A, then X 1 − a 1 is also a unit in A[[X 1 , · · · , X n ]], which implies R = {0}. In this case, clearly ∞ m=1 (a 1 , · · · , a n ) m R = {0}. So we may assume that a 1 is a nonzero nonunit element in A. Let {P 1 , · · · , P k } be the set of minimal prime divisors of a 1 A. ?, Theorem 15 and Corollary 17] , where the proof of Corollary 17 is also valid for the infinite-dimensional case). Therefore, by induc-
sinceÂ ,Pi is complete with respect to the linear topology determined by { P m i ,Pi
, where
} is the set of minimal prime divisors of (a 2 , · · · , a n )Â ,Pi . Note that Q ij ∈ Spec(A) and Q ij ⊇ P i a 1 for all i = 1, 2, · · · , k; and j = 1, 2, · · · , k i . Therefore,
is complete with respect to the linear topology determined by { Q ij ,Pi m , Qij
,(a2,··· ,an)Â ,P i = {0}. Thus the conclusion follows.
Next we provide an equivalent condition for an SFT Prüfer domain to be analytically irreducible (with respect to a given ideal-adic topology).
Corollary 7.7. Let A be an SFT Prüfer domain and a 1 , · · · , a n ∈ A. Then Proposition 7.8. Let A be an SFT Prüfer domain, P a prime ideal of A, and
Proof. If (a 1 , · · · , a n ) ⊆ P , then both sides are {0}. So we may assume that (a 1 , · · · , a n ) ⊆ P . If P = (0), then both sides are K, the quotient field of A. So we may assume that P = (0). ··· ,an) by Theorem ??. Let {P 1 , · · · , P k } be the set of minimal prime divisors of (a 1 , · · · , a n ) and P 1 ⊆ P . Then by [?, Theorem 15] 
. On the other hand, 
, which is the prime ideal of A just below P 1 , and letĀ = A/B(P 1 ),P 1 = P 1 /B(P 1 ), P = P/B(P 1 ). Note thatĀ is an SFT Prüfer domain,P 1 is a height one prime ideal ofĀ,Â
. Therefore, we may assume that P 1 is a height one prime ideal of A. Let C α be a maximal chain in Spec(A) * containing P 1 . Then clearlyÂ ,Cα =Â ,P1 and hence by Theorem ??,Â ,P1 P ,P 1 = A P ,P1A P . Now the conclusion follows.
8.T -Prüfer ring
Mockor [?] introduced the notion of a F-Prüfer ring. He defines a F-Prüfer ring to be a commutative ring R with identity and the total quotient ring T (R) in which for every maximal regular ideal M of R, (R [M ] , [M ] R [M ] ) is a valuation pair associated with a valuation w on T (R) such that w is continuous in F, where F is a topology on the ring T (R).
Again, let A be a Prüfer domain with quotient field K and let Ω be the family of nontrivial valuations on K which are nonnegative on A and put T = sup{T w |w ∈ Ω}. If (K ,Tw , T w ) and (K ,T ,T ) are the completions of (K, T w ) and (K, T ), respectively, we denote byŵ andw the continuous extensions of w onK ,Tw andK ,T , respectively. It is well known thatŵ is a valuation on the fieldK ,Tw and T w = Tŵ (Theorem ??). In [?], Mockor proved thatw is a (Manis) valuation onK ,T for any w ∈ Ω and thatT = sup{Tw|w ∈ Ω}.
Mockor [?] asked if there exists a Prüfer domain A such thatÂ is not aT -Prüfer ring or such thatÂ ,T is a Prüfer ring but not aT -Prüfer ring. In this section, we answer Mockor's question by constructing some examples. We show that (1) the completionÂ ,T of an h-local Prüfer domain is aT -Prüfer ring ⇔ |M ax(A)| < ∞, (2) the completionÊ ,T of the ring E of entire functions is not aT -Prüfer ring, (3) the completionD ,T of a Dedekind domain is aT -Prüfer ring ⇔ |Spec(D)| < ∞, and (4) the completionÂ ,T of an SFT Prüfer domain with J(C α ) = {0} for all maximal chains C α is aT -Prüfer ring ⇔ there exist only finitely many independent valuation overrings of A. In the cases (1), (3), and (4), every nonminimal prime ideal ofÂ ,T is of the formP ,T , where P is a nonzero prime ideal of A. In order to show these, we begin with quoting his result. Thus in an h-local Prüfer domain, the ring of entire functions and an SFT Prüfer domain such that J(C α ) = {0} for all maximal chains in Spec(A) * , the second condition in Theorem ??(2) is satisfied. Therefore, to determine whetherÂ ,T is â T -Prüfer ring, it suffices to check whether every maximal regular ideal ofÂ
,T is open inÂ ,T . ,Tw ∩ A = P (w).) For each w ∈ Ω 0 , choose a nonzero nonunit element a w inÂ ,Tw . Then w∈Ω0Â ,Tw + ( w∈Ω0 a w ) = w∈Ω0Â ,Tw . For otherwise, there exist w∈Ω0 x w ∈ w∈Ω0Â ,Tw and w∈Ω0 y w ∈ w∈Ω0Â ,Tw such that 1 = w∈Ω0 x w + ( w∈Ω0 a w )( w∈Ω0 y w ). Since x w = 0 for almost all (that is, for all but a finite number of) w ∈ Ω 0 , a w y w = 1 for almost all w ∈ Ω 0 . This contradicts our choice of a w 's. Now let N be a maximal ideal ofÂ ,T containing w∈Ω0Â ,Tw + ( w∈Ω0 a w ).
Since w∈Ω0 a w is a regular element ofÂ ,T , N is a regular maximal ideal ofÂ ,T . Now we claim that w∈Ω0Â ,Tw + ( w∈Ω0 a) =Â ,T for all a ∈ A \ {0}. Let {w 1 , w 2 , · · · , w n } be the finite subset of Ω 0 consisting of those elements w's such that a is a nonunit inÂ ,Tw . For each w = w i , let b w be the inverse of a inÂ ,Tw . Put x = w∈Ω0 x w , where x w = b w for w = w i , x wi = 0 for i = 1, 2, · · · , n, and y = w∈Ω0 y w , where y w = 0 for w = w i , y wi = 1 for i = 1, 2, · · · , n. Then x ∈ w∈Ω0Â ,Tw , y ∈ w∈Ω0Â ,Tw , and y + x( w∈Ω0 a) = 1. Therefore, Since every Dedekind domain is an h-local Prüfer domain, from the above theorem, we obtain Corollary 8.5. Let A be a Dedekind domain. ThenÂ ,T is aT -Prüfer ring if and only if A has only finitely many prime ideals. Theorem 8.6. Let E be the ring of entire functions. ThenÊ ,T is a Prüfer ring but not aT -Prüfer ring.
Proof. Let Ω 0 = {w ∈ Ω(E)|P (w) ∈ M ax(E)}, Ω 1 = {w ∈ Ω 0 |P (w) is a maximal fixed ideal}, and Ω 2 = {w ∈ Ω 0 |P (w) is a maximal free ideal}. Since Ω 0 = Ω 1∪ Ω 2 ,Ê ,T ∼ = w∈Ω0Ê ,Tw = ( w∈Ω1Ê ,Tw ) ⊕ ( w∈Ω2Ê ,Tw )(Proposition ??). Recall that {(X − α)|α ∈ C} is the set of all fixed maximal ideals of E and for each f ∈ E \ {0}, Z(f ), which is the set of zeros of f , is a countable discrete set with no limit point in the open complex plane [?, p 146] . Let I = { w∈Ω1 y w ∈ w∈Ω1Ê ,Tw |y w = 0 except for countably many w's }. Then since |Ω 1 | = c, where c is the cardinal number of the continuum, I is a proper ideal of w∈Ω1Ê ,Tw . For each w ∈ Ω 1 , let P (w) = (X − α w ), α w ∈ C. Then clearly I + ( w∈Ω1 (X − α w )) = w∈Ω1Ê ,Tw . Let N be a maximal ideal of w∈Ω1Ê ,Tw containing I + ( w∈Ω1 (X − α w )). Since w∈Ω1 (X − α w ) is a regular element of w∈Ω1Ê ,Tw , N is regular. Since for each f ∈ E \ {0}, Z(f ) is a countable set, f is a nonunit inÊ ,Tw only for countably many w's in Ω 1 and hence as in Lemma ??, we can show that I + ( w∈Ω1 f ) = w∈Ω1Ê ,Tw for all f ∈ E \ {0}. This implies that N ∩ E = (0). Let N 0 = N ⊕ ( w∈Ω2Ê ,Tw ). Then N 0 is a regular maximal ideal ofÊ ,T such that N 0 ∩ E = (0). Then by Theorem ?? and Theorem ??,Ê ,T is a Prüfer ring which is not aT -Prüfer ring.
Theorem 8.7. Let A be an SFT Prüfer domain such that for each maximal chain C α in Spec(A) * , J(C α ) = {0}. ThenÂ ,T is aT -Prüfer ring if and only if |Ω 0 | < ∞.
Proof. For each w ∈ Ω 0 , let P (w) be the center of R w on A. As in Remark ??, let C w be a maximal chain in Spec(A) * containing P (w). Then since A is an SFT Prüfer domain,Â ,Tw =Â ,Cw for all w ∈ Ω 0 (Lemma ??). Since J(C w ) = {0}, Spec(Â ,Cw ) = {(0)} ∪ { P 0 ,Cw |P 0 contains some P ∈ C w } by Theorem ??. Note that P 0 ,Cw ∩ A = P 0 . Now let a be a nonzero element of A. Since A is an SFT-ring, (a) has only finitely many minimal prime divisors, say P 1 , · · · , P n (Proposition ??). For each i, let w i ∈ Ω 0 be the valuation such that P i ∼ P (w i ). We claim that a is a unit inÂ ,Cw for all w = w i . Assume the contrary. Then a is a nonunit in A ,Cw for some w = w i and hence a ∈M ,Cw for someM ,Cw ∈ M ax(Â ,Cw ). Since a ∈ M =M ,Cw ∩ A, P i ⊆ M for some i. This implies that P i ∼ M . Moreover since M ∼ P (w), P (w i ) ∼ P (w). By the definition of Ω 0 , w = w i , a contradiction. Therefore, by Lemma ??, the "only if" part follows.
Now let Ω 0 = {w 1 , · · · , w n }. Since J(C wj ) = {0} for all j = 1, · · · , n,K ,Tw j = Remark 8.8. (1) It is easy to see that the collection {J(C α )} α∈Λ is independent of a particular representing family {C α } α∈Λ of the maximal chains in Spec(A)
* . Then what matters in Theorem ?? is whether there exists a representing family {C α } α∈Λ of the maximal chains in Spec(A) * such that J(C α ) = {0} for each α ∈ Λ. (2) Facchini's existence theorem (Theorem ??) and Lemma ?? provide a lot of SFT Prüfer domains satisfying the various conditions such as J(C α ) = {0}, J(C α ) = {0}, |Ω 0 | = ∞, and |Ω 0 | < ∞.
(3) Since every Dedekind domain is just a 1-dimensional SFT Prüfer domain, Corollary ?? also follows from Theorem ??.
(4) Let A be an h-local Prüfer domain, the ring of entire functions, or an SFT Prüfer domain such that J(C α ) = {0} for all maximal chains C α ∈ Spec(A)
* . In each case, we can see that Spec(Â ,Tw ) = {(0)} ∪ {P ,Tw |P ∈ Spec(A) * such that P ∼ P (w)}, w ∈ Ω (Corollary ??, Theorem ??, Theorem ??, and Theorem ??). Since by Proposition ??,Â ,T ∼ = w∈Ω0Â ,Tw , if |Ω 0 | < ∞, then we can easily describe Spec(Â ,T ) as follows. Let Ω 0 = {w 1 , · · · , w n }. Then Spec(Â ,T ) = {Â ,Tw 1 ⊕ · · · ⊕Â ,Tw i−1 ⊕ Q ⊕Â ,Tw i+1 ⊕ · · · ⊕Â ,Tw n |Q ∈ Spec(Â ,Tw i ), i = 1, 2, · · · , n}. Let Q ∈ Spec(Â ,Tw i ) * . Then Q =P ,Tw i for some P ∈ Spec(A) * such that P ∼ P (w i ). By the definition of Ω 0 , P ∼ P (w j ) for all j = i, and soP ,Tw j =Â ,Tw j for all j = i. Therefore,Â ,Tw 1 ⊕ · · · ⊕Â ,Tw i−1 ⊕ Q ⊕Â ,Tw i+1 ⊕ · · · ⊕Â ,Tw n = n j=1P
,Tw j ∼ = P ,T . Thus every nonminimal prime ideal ofÂ ,T is of the formP ,T , where P is a nonzero prime ideal of A. However, for the case |Ω 0 | = ∞, we have been unable to describe Spec(Â ,T ). We could neither describe Spec(Â ,T ) when A is an SFT Prüfer domain such that J(C α ) = {0} for all C α ∈ C, nor Spec(Â ,Cα ), and we do not know ifÂ ,T is a Prüfer ring.
